Abstract. We give explicit analytical expressions for the partition function of U (N ) k × U (N + M ) −k ABJ theory at weak coupling (k → ∞) for finite and arbitrary values of N and M (including the ABJM case and its mass-deformed generalization). We obtain the expressions by identifying the one-matrix model formulation with a Meixner-Pollaczek ensemble and using the corresponding orthogonal polynomials, which are also eigenfunctions of a su(1, 1) quantum oscillator. Wilson loops in mass-deformed ABJM are also studied in the same limit and interpreted in terms of su(1, 1) coherent states.
Introduction
In recent years there has been considerable progress in applications of the localization technique to the study of supersymmetric gauge theories in a number of dimensions, d ≥ 2. In three dimensions in particular, results have been obtained for the partition functions and BPS Wilson loops of N = 2 supersymmetric Chern-Simons-matter (CSM) theories, including the N = 6 superconformal theories constructed by Aharony, Bergman, Jafferis and Maldacena, (ABJM theory) [1] . We shall focus here in the 3d realm exclusively and, in particular and more specifically, on the partition function of the ABJ theory [2] , which is the N = 6 supersymmetric U (N 1 ) k × U (N 2 ) −k CSM theory that generalizes the equal rank N 1 = N 2 case of the ABJM theory.
In addition to the extension of ABJM theory, it has also been conjectured that the ABJ theory at large N 2 and k with N 2 /k and N 1 fixed finite is dual to the N = 6 parity-violating Vasiliev higher spin theory on AdS 4 with U (N 1 ) gauge symmetry [3, 4, 5] . In this paper, we will be studying the ABJ theory at large k and hence we shall be commenting on this higher-spin scaling limit.
The application of the localization method results in the reduction of path integrals into eigenvalue integrals of the matrix model type, which allows to obtain various exact results at strong coupling of supersymmetric gauge theories and helps in providing further tests of the AdS/CFT correspondence. The appearance of matrix models typically implies a connection with exactly solvable models and/or integrable systems. This will be the viewpoint of this paper, where we identify ABJ theory at large k with an exactly solvable model. More precisely with a Meixner-Pollaczek random matrix ensemble [6] , solved completely in terms of MeixnerPollaczek orthogonal polynomials [7] , which are also eigenfunctions of the su(1, 1) harmonic oscillator [8] .
Using either the two-matrix model description of ABJ(M) theory or the Fermi gas formulation, both briefly described below, a large number of results have been obtained, mostly in studying non-perturbative corrections of the ABJ(M) matrix models. Both the 't Hooft expansion, which is the asymptotic expansion as N goes to infinity and the 't Hooft parameter of the model is kept fixed at large N , and the M-theory expansion, which is the asymptotic expansion as N goes to infinity in which k is fixed, have now been studied in detail, see [9, 10, 11, 4, 5] for example.
The ABJ(M) U (N ) k × U (N + M ) −k two-matrix model is given by [9, 12] Z ABJ (M) The ABJM case corresponds to M = 0 above. By identifying the Cauchy determinant inside the integrand of (1.1) and using Cauchy identity
one can write the matrix model as a sum of permutations [13, 14] . In turn, in the final expression obtained, which is the basis of the Fermi gas method [14] , one can apply again the Cauchy determinant identity, obtaining then the one-matrix model form of the ABJ(M) matrix model [12, 15, 11] (
Note that the matrix model integral has N eigenvalues and the dependence in M is through the potential. This is the matrix model we shall study, focussing on the large k limit. In the ABJM case, M = 0 above, the matrix integral (1.3) gives the full partition function but in the more general ABJ case a somewhat lengthy numerical prefactor, which includes the partition function of U (M ) Chern-Simons theory on S 3 appears as well [15, (2.14) ]. We shall focus on the matrix integral (1.3) first and will discuss these additional prefactors at the end of the next Section. This paper is organized as follows. In the next Section, we show that the large k limit of the one matrix model formulation of ABJ theory is a Meixner-Pollaczek random matrix ensemble and compute the partition functions for finite N and M (from now on, we always write N 2 = N +M ). Some quotients between partition functions, relevant in the study of the higher-spin limit, are given and shown to coincide with the partition function of the Penner matrix model.
In Section 3, we show that the identification with a solvable model also holds for the massdeformed version of the theories, focussing on the mass-deformed ABJM theory. An analytical computation for this model is also given, using the orthogonal polynomials, which admit an interpretation as eigenfunctions of a su(1, 1) quantum oscillator. In this interpretation, the M parameter is equal to the Bargmann index of the positive discrete series representation of su(1, 1). We also study 1/6-BPS Wilson loops in the fundamental representation with winding n, in the mass-deformed ABJM theory, giving an interpretation in terms of su(1, 1) coherent states. The discussion of Wilson loops in Section 3 is carried out in comparison with Finally, we succinctly conclude with some avenues for further research. In the Appendix we collect some technical details on the analytical continuations in the parameters (Section 2 and 3) and on the analytical solution for Wilson loops (Section 3).
Weak coupling limit and Meixner-Pollaczek polynomials
Let us start focussing on (1.3) in the ABJM case, M = 0. Then, the weight function of the matrix model (1.3), which in general is
greatly simplifies to
.
The most distinctive mathematical feature of the matrix model (1.3) is the interaction term between the eigenvalues. It admits, like the model with a standard Vandermonde term i<j (x i − x j ) or with its hyperbolic version i<j sinh(x i − x j ), a Coulomb gas interpretation [16] , but in general there are no standardized analytical methods to solve the resulting matrix model. Consequently, the one matrix model formulation has been analyzed with less detail than the original two-matrix model formulation (1.1) or the Fermi gas formulation [14] .
A simple yet fundamental regime which has only eventually been analyzed is the weak-coupling limit k → ∞, when N is fixed. Expressions for the partition function in the literature include, for the ABJM case, given in [9] and a computation in [12, Appendix C] for ABJ theory, using (1.1) and the analytical continuation from a lens space Chern-Simons matrix model.
To study this regime, the consideration of the one-matrix model formulation (1.3) is especially useful. Indeed, the very simple dependence of k in the matrix model (1.3), immediately implies that, using the rescaled variable πy = x/2
which is in the form of a standard random matrix ensemble. In addition, the weight function of the model (2.2) can also be easily identified with a particular case of the Meixner-Pollaczek polynomials [6, 7] , which are polynomials orthogonal in the interval −∞ < x < ∞, with regards to the weight function [6] 
Notice that the Gamma function is evaluated in a complex argument and that
Therefore, for λ = 1/2, and also taking into account Euler's duplication formula Γ(z)Γ(1 − z) = π/ sin (πz), then
and with the orthogonal polynomials one can compute immediately (2.2). We do that below, but before we discuss the more general ABJ case (1.3) because, interestingly enough, this identification with an exactly solvable model also holds with more generality, as it holds for the ABJ matrix model. In particular, we have that, again in terms of the y variable (2.4)
To simplify the presentation, we focus first on the case when M = 2q and q ∈ N and later on we show that the odd case M = 2q − 1 works in the same way. Then, the weight function of the matrix model is
This is precisely the Meixner-Pollaczek weight if we take its parameter λ to be λ = 1/2 + M/2 = 1/2 + q with q ∈ N. This follows immediately from the form (2.3) and Γ(z + 1) = zΓ(z). Specifically:
where the weight function is (2.3) with λ = 1/2 + M/2. Let us take into account then the orthogonality properties of the polynomials, which is all we need to obtain the partition functions/free energies. The polynomials P (λ)
From the recurrence relation [7] , the leading coefficient of the polynomial P (λ)
n (x) = a n x n + ... is also obtained
Then, we can use, exactly as with the Stieltjes-Wigert polynomials and the computation of the free energy of U (N ) Chern-Simons theory on S 3 [17] , the explicit analytical expression for the partition function of the matrix model, using
where Z denotes the partition function of a Hermitian matrix model with the Meixner-Pollaczek weight function and h j denote the analogous of the h j in (2.6), but for the monic orthogonal polynomials. Thus, we need the orthogonality properties of the polynomials Q (λ)
n (x)/a n , which are (2.9)
Therefore, we obtain for (2.2)
where G(z) is a Barnes G-function [18] . Hence, the free energy F = ln Z is (2.10)
This expression is identical to the one given in [9, Eq. 4.47], which is obtained there, since it is a perturbative computation, by evaluation of the determinants giving the one-loop contributions of two copies of pure Chern-Simons theory and the one loop determinants of the matter fields. The free energy is the sum of both contributions and this is why the expression is organized in a slightly different way there. Thus, the Meixner-Pollaczek polynomials capture exactly both contributions together. For the ABJ partition function, we obtain (2.11)
Notice that, in this weak coupling limit, it holds that
Below we will show how this quotient is modified when we consider the full ABJ partition function. Since Z ABJ does not include the pure Chern-Simons partition function factor, the ratio (2.12) is precisely the one considered to be specially relevant in the higher-spin double scaling limit [4, Eq. 5.2.] (dubbed "vector model subsector" in [4] ). The r.h.s. of (2.12) is also, exactly, the partition function of the Penner matrix model (a Laguerre random matrix ensemble), which is characterized by a weight function ω(x) = x M exp(−x) for x > 0. It would be interesting to see if this can be related both to the results in [4, Eq. 5.2.] and, at the same time, with the well-known results on the c = 1 string, topological strings, which are associated with the Penner matrix model (see [19] for a review).
We consider now the case of M odd since we restricted the discussion above to M being an even number just to simplify the presentation of the connection with Meixner-Pollaczek polynomials. It also holds for M odd in the same way. The difference being that, instead of half-integer values of λ, we will have integer values. This is immediate from, again, Euler's duplication formula, because
therefore, increasing λ by 1 adds a (1 + x 2 ) term, and so on. The correspondence with the semiclassical limit of the ABJ weight is then again exact
and, therefore, for the M odd case, we have
which is the same result as for M even and, therefore (2.11) holds for M any natural number and the identification is always λ = 1/2+ M/2 for M ∈ N. Below we will see that this parameter can be interpreted as the Bargmann index of the positive discrete series representation of the su(1, 1) Lie algebra. Let us now finally deal with the extra factors that multiply (1.3). The exact relationship between (1.1) and (1.3) is detailed in [15] , with q = exp(2iπ/k)
We can write, for simplicity, the k-independent prefactor in the first line in (2.13) as N ABJ (N, M ) and the most interesting aspect of considering the full prefactor in (2.13) is that the k → ∞ of what is essentially the U (M ) Chern-Simons partition function on S 3 gives a G(M + 1) Barnes function which cancels the one in (2.11). More precisely
where
The quotient (2.12) between the full ABJ and ABJM partition function is now (2.14)
In addition to the usual asymptotics of the G Barnes function, one can give an asymptotic expression for the quotient of G functions in (2.14) for N and M finite, but N much bigger than M . This estimates, in compact form, how the ABJ free energy differs from the ABJM one at small values of M . More precisely, from [20, Prop 17. (i)], we have that, for M ≤ N 1/6 then (2.15)
Thus, we have seen that with Meixner-Pollaczek polynomials, which are actually eigenfunctions of the su(1, 1) harmonic oscillator as we shall see below, the finite N large k behavior of the ABJ free energy is easily obtained. This complements the varied number of results in the literature on ABJ(M) models and the expressions obtained are consistent with [9] and [12] , giving also an alternative derivation for the ABJ case, to the one in [12] , without having to rely on analytical continuation from the lens space matrix model. We can also apply the method to a mass-deformed version of the theory and that is the subject of the next Section.
3. Mass-deformed theory, Wilson loops and su(1, 1) coherent states
More relevant than the application itself is the fact that, starting with the one matrix model formulation (1.3) , the ABJ matrix model, for all M and N , is an exactly solvable model in the weak-coupling limit: the Meixner-Pollaczek model. Further results can be obtained from that identification. For example, it can be extended to the mass-deformed ABJM matrix model, which has been the subject of interest lately. It was first studied at large N in [21] (with Fayet-Iliopoulos parameter ς = 0). The model is [22, 23] (3.1)
This extension of the ABJM matrix model actually also includes a Fayet-Iliopoulos parameter ς, which has been repackaged with the mass term deformation as m 1 = m + ς and m 2 = m − ς [22, 23] . It also admits a sum over permutations form [22, 23] and, if one again applies to the resulting expression the Cauchy determinant formula, we see that we also have a one matrix model form of the mass-deformed ABJM matrix model
Thus, in first approximation in the semiclassical limit, we have
Notice that, to account for the m 1 deformation is immediate in this way and, if we also want to account for the m 2 parameter, we need to consider what is actually the most general form of the Meixner-Pollaczek weight function [7] (3.4)
where t ∈ (−π, π). This restriction on t is because, for fixed λ, |Γ(λ + ix)| 2 ∼ e −π|x| as |x| → ∞, therefore it ensures exponential convergence for x → ±∞. Being t real we need to take its analytical prolongation to imaginary values at the end (or, alternatively, do the same to the physical parameter m 2 ). Such an step has precedents in the application of orthogonal polynomial methods to the study of Chern-Simons theory, with or without matter [17, 24] 3 and, as we shall see, it poses no problems here. In the case m 2 = 0, this continuation is not necessary and the parameter φ below will be φ = π/2, as is the case for the non-deformed ABJM theory. As explained in [23] , this specific mass-deformation is a fixed point of the symmetry Z(2ς, m; k) = Z(m, 2ς; k), satisfied by the mass-deformed theory and, in the dual N = 4 supersymmetric super Yang-Mills theory, m 2 = 0 corresponds to coupling the theory to a massless adjoint hypermultiplet.
In most references, the notation convention is t = 2φ − π, where φ ∈ (0, π) and the orthogonality properties now read
2 A factor of 4 is added in the denominator of the matrix model w.r.t the expressions in [22, 23] . In this way, in the limit m1 → 0 and m2 → 0 it reduces to the ABJM matrix model above, which is as in [10] , for example. The reason is that the two cosh in [10] , unlike those in [22, 23] , have a 2 term in front. 3 The works [25, 26] also consider orthogonal polynomials in Chern-Simons-matter theory.
Notice that, if φ = π/2, the weight function indeed reduces to (2.3). We need to see if the leading coefficients of the polynomial, which did not depend on λ, depend now on φ. From the recurrence relationships [7] , we quickly deduce that
Thus, since the weight function of the mass-deformed ABJM model (3.3) is w MP (x; λ = 1/2, t = 2φ − π = −im 2 ), then using (3.5) and (3.6), we have, in terms of the φ parameter
The identification φ = −im 2 /2 + π/2 poses no problems, as we shall explicitly check in the Appendix, and we have
Thus, in this limit, for the mass deformed model we have that the free energy
3.1.
Wilson loops in the mass-deformed case. We consider Wilson loops now. The idea is to see if the Wilson loop can be computed as an average using a density of states constructed from quantum oscillators, very much as the Drukker-Gross computation of the [28] , which uses the ordinary quantum harmonic (Hermite) wavefunctions. To do so, we will use the Meixner-Pollaczek polynomials and their su(1, 1) quantum oscillator interpretation, giving also a coherent state interpretation, both for the massdeformed ABJ Wilson loops at weak coupling and also for the [28] .
For this, one first needs to write down the one matrix model representation of the Wilson loop. We have not seen that result in the literature, at least not in a form convenient to our purpose and methods (there are essentially equivalent integral representations for Wilson loops in [15, 30] , for (3.8) twice (as an integral representation; that is, from right to left), a Gaussian integration and a further immediate integration, using (3.9). We do exactly the same for (3.8), which is explicitly given by the matrix model (3.1) with a N j=1 e nµ j insertion in the integrand. We obtain that the one-matrix model representation of the Wilson loop is
, where the prefactor c n is generated by the Wilson loop insertion and is given by c n = e −in 2 π/k−nς . Notice the appearance of k in the added exponential insertion in the integrand in (3.10) (this is due to the Gaussian integration in the procedure). In the k → ∞ we can then take the double-scaling limit with the winding n such that n/k = β, and therefore, we have that
where the prefactor α N (k, β, m 1 ) follows in the same way as for the partition function (3.3). Specifically:
We first given an analytical expression for the the matrix integral in (3.11) and, in the next Subsection, a physical interpretation. Notice that, in general, for a Hermitian matrix model with weight function ω (x) (3.12)
and P s (x) denotes the polynomial of order s, orthogonal w.r.t. ω (x). Thus, it is as in the N = 4 SYM/Hermite setting [28] but with an imaginary y parameter, instead of a real one. Hence, denoting by |n; λ, φ the Meixner-Pollaczek eigenstates 4 , we have that the non-trivial piece of the Wilson loop (that is, up to normalization constants) is n; λ = 1/2, φ exp(−im 2 X) n; λ = 1/2, φ ,
and X is the position operator. Below, we will identify the operator insertion in (3.14) with a squeeze operator, but we focus first on obtaining an analytical expression. The explicit evaluation of (3.14) follows from a Fourier integral in [27] , which generalizes the orthogonality identity of the MP polynomials (3.5) and is the analogue of the identity for Hermite 4 These are the states such that the r.h.s. of (3.13) is the normalized Meixner-Pollaczek polynomial of degree s and the weight function is (3.4).
polynomials which leads to (3.18) [28] (see Appendix for further details). In particular, using [27] , we have the following expression in terms of a (terminating) Gauss hypergeometric function n; λ = 1/2, φ exp(−im 2 X) n; λ = 1/2, φ (3.15)
In this expression, we have identified the Fourier kernel in (A.1) with the mass-deformed term in the matrix integral e −im 2 x , and the Wilson loop insertion with the real exponential part e (2φ−π)x of the weight function. Hence, no analytical continuation is necessary and one can also give an expression for the Wilson loop in the standard ABJM theory with only the standard orthogonality relationship (3.5). Notice that, in contrast to the Hermite case, the evaluation of the summation in (3.14) of the hypergeometric terms (3.15) , to obtain a more compact expression for the Wilson loop, is an open problem. On the other hand, specific cases at finite rank are immediate from (3.15), since the hypergeometric expression above is a terminating series, and a more detailed study, including extension to the ABJ setting and comparison with perturbative computations, will be given elsewhere.
3.2. su(1, 1) oscillator, coherent states and photonic interpretation. We now exploit a physical interpretation of the Meixner-Pollaczek polynomials: they are eigenfunctions of a quantum oscillator model. Indeed, the su(1, 1) model of a quantum oscillator is a model which obeys the dynamics of a harmonic oscillator, but with the position and momentum operators and the Hamiltonian being elements of the Lie algebra su(1, 1) instead of the Heisenberg algebra [8] . For an oscillator model, one requires also that the spectrum of H in unitary representations of the Lie algebra is equidistant. The generators of the algebra are K ± and K 0 and their commutation relations
The model is constructed using the positive discrete series representations of su(1, 1), D + (λ), which are infinite-dimensional and labeled by a positive number (Bargmann index) λ > 0. Then the spectrum of the position operator is R, the spectra of the Hamiltonian is n + λ and the position wave function, when the oscillator is in the nth eigenstate of the Hamiltonian, is given by [8] (3.17)
n (x; φ), where again P 
where ρ N (x) is the density of states and the two-point kernel is
n (x; φ).
Therefore, we have an immediate interpretation in terms of a su(1, 1) oscillator wavefunction overlap
where |Φ = N −1 n=0 |n and
where φ n (x, λ = 1/2 + M/2, φ = π/2) is (3.17), properly normalized. That is, with C n = φ n −1
2 . Likewise, the same expression holds for the mass-deformed ABJM case above, but with normalized eigenfunctions
From the results above, we thus have a half-integer Bargmann index for M even and integer for M odd. The case λ = 1/2, which is the one that corresponds to ABJM theory, including its mass-deformed version, is precisely the one that has the exact quantum oscillator spectra n + 1/2, without any shift in the ground state energy.
This relationship with a su(1, 1) quantum oscillator can be further developed in the case of Wilson loops. For this, notice first that, for a Gaussian matrix model, the (3.13) are Hermite polynomials, and the resulting expression for the Wilson loop average (3.12) is that of Drukker and Gross [28] . In terms of the creation and annihilation operators a = λ/2 + d/dλ and a † = λ/2 − d/dλ the average (3.12) is that of the displacement operator [34] D(y) ≡ exp(y(a + a † )).
The displacement operator acting on the vacuum state generates a coherent state D(y) |0 = |y and when it acts on an excited state D(y) |n these are displaced number states [33] , which are also wavepackets that keep their shape and follow classical motion. The evaluation of the matrix element in (3.12) is a central result in the theory of coherent states and quantum optics [34] and in laser cooling [35] . Its evaluation is classical (and can be completely algebraic, without relying on Hermite polynomials identities) [34, 35] (3.18)
where n < = min(n, n ′ ), n > = max(n, n ′ ) and ∆n = n > − n < . Comparing matrix models, the generic y parameter in (3.12) here is identified with the t' Hooft parameter in [28] y = λ/4N and then (3.18) for n = n ′ coincides with the result in [28] 
5
. Because of the summation property of Laguerre polynomials
n (x) (used in [28] ), the Wilson loops can also be expressed as a single matrix element (3.18) between adjacent levels n ′ = n + 1 = N . That is
This displacement operator average in turn can be interpreted as the average of a unitary operator involving a Jaynes-Cummings Hamiltonian, but such a quantum optics interpretation of the Regarding our weak-coupling ABJ model, we have that the averages in (3.14) can be interpreted as averages of the su(1, 1) displacement operator 6 , which is, in terms of the generators (3.16) and with ξ ∈ C [33] (3.20)
acting on the states of the su(1, 1) quantum oscillator and with the identification ξ = −im 2 /2, as explained above. 5 In the work [29] on half-BPS Wilson loops in N = 4 SYM theory, the displacement operator is introduced and coherent states mentioned, but mostly en route to obtain a normal matrix model description of the Wilson loops. 6 The reason is simply the same that leads to (3.18) in the quantum harmonic oscillator case. Notice that the position operator is X = (K+ + K−)/2 and that these generators are raising and lowering operators acting on the su(1, 1) oscillator states [8] .
For a photonic interpretation and to further understand the meaning of the displacement operator average in the su(1, 1) setting, recall that there is a well-known two-mode realization 7 of su(1, 1) (the Holstein-Primakoff realization for su(1, 1)) where
The states corresponding to the discrete positive series are then given by |n + n 0 , n = |n + n 0 ⊗ |n , where the Bargmann index is λ = (|n 0 | + 1)/2. Thus, the observables in the large k limit of the ABJ theory can be described in terms of states of a two-mode photonic system with occupancies of n and n + n 0 photons in each mode with n = 0, 1, 2..., N − 1 and n 0 = 2M − 1 for M = 1, 2, ... and n 0 = 0 for M = 0 (ABJM). Notice also that the su(1, 1) displacement operator (3.20) is e ξab−ξ * a † b † and hence it is a squeeze operator acting on these two-mode states (generalized coherent states for su(1, 1) are conventional squeezed states of quantum optics).
Outlook
The connection with Meixner-Pollaczek polynomials can be extended to carry out more detailed computations of Wilson loops in mass-deformed ABJ(M) theory, in the weak coupling limit (some technical aspects are discussed in more detail in the Appendix). As another open problem, recall that we have also seen that some of the quotients of partition functions studied above, such as (2.12), which we have related to the Penner matrix model and hence, in principle, with topological strings, are precisely the ones relevant in the higher-spin double scaling limit [4] . In this limit U (N ) k × U (N + M ) −k ABJ theory with finite N and large M and k is conjectured to be dual to N = 6 parity-violating Vasiliev higher spin theory on AdS 4 with U (N ) gauge symmetry [3, 4] . Recall that, in the oscillator interpretation put forward here, the M parameter is specifically the Bargmann index k of the positive discrete series representation of su(1, 1). It would be also interesting, therefore, to use the exact solvability found in this paper to further study this double scaling limit.
Another possible open problem would be to give a physical interpretation of the appearance of su(1, 1) oscillators, for example in terms of motion in AdS space 8 . In this sense, it is already known that some slightly different su(1, 1) quantum oscillators emerge as solutions of KleinGordon equation in AdS space [36] .
Finally, and more generally, it would be interesting if a deformation of the su(1, 1) oscillator eigenfunctions (or equivalently, of the Meixner-Pollaczek polynomials) can be found, such that the full theory, given by the matrix model (1.3). This deformation would be seemingly different from the usual q-deformation (which holds in the GUE/Stieltjes-Wigert ensemble description of pure Chern-Simons theory [17] ) because the Vandermonde determinant is deformed according to x → tanh x, instead of x → sinh x. Notice that different generalizations of the eigenfunctions (beyond the q-deformation) already exist [8] .
which is a well-known result in the theory of the six vertex model [37] , a problem where the Meixner-Pollaczek polynomials are well-known to provide analytical solutions [38] .
Finally, note that the argument put forward above, right below Eq. (A.1), extends also to the analytical calculability of the Wilson loop with leads to an average with both types of factors present. Effectively, the identity (A.1) is analogous to the existing expression for Hermite polynomials which leads to the celebrated expression for the 1 2 -BPS Wilson loop in N = 4 in terms of a Laguerre polynomial [28] . However, as we have pointed out above, the same result can be obtained (and was indeed obtained decades ago) by using the action of the creation and annihilation operators on the Fock states. It would be interesting to do the same in our setting, since the action on the su(1, 1) Fock basis is equally well-known [8] .
Regarding the use of (A.1) in the evaluation of the Wilson loop average which, in the massdeformed case, contains both a factor of the type e −2ixt and another one of the type e (2φ−π)x , notice that we chose to identify the former with the mass-deformed term e −im 2 x . This lead to the expression (3.15). It would be interesting to study in further detail the convenience of this choice and also to see if there exists a summation analogous to the one that holds for the 1 2 -BPS Wilson loop in N = 4 SYM, which leads to the final result in [28] and also has lead us to the interpretation of the Wilson loop in terms of the overlap of two consecutive displaced number states of the harmonic oscillator (3.19) .
